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M3 i.e. 3-nilmanifold

» M3 negatively curved spaces (R < 0) built from solvable Lie groups & algebras.
» Motivations: Kaluza-Klein type models with compactified extra-dimensions.
» Discrete/Twist identifications (“boundary conditions”):

vy z)~(x+Lyz=y)~ (xy+1z) ~(xyz+1)

(z,y,2) ~ (x+1,y,2—y) (z,y,2) ~ (z,y+1,2) (x,y,2) ~ (2,y,2+1)

z€[0,1]
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Exact M3 eigenmodes
» Special/simplest case of M3 metric:
ds? = guudxtdx’ = dx* + dy* + (dz* + xdy)*.
» Laplacian (RHS):
Vi = (93 + (9y — x02)* + 0D, VZ0pg = (95 +95)0p4

» T2 & “fibre” eigenmodes:

Opg(x,y) = e2ilpx+ay) P‘;,q =4*(p* +¢%), p9E€Z;
. . ‘ Y,
U (x,y,z) _ eZTsz(z+xy)eZ7rézx Z e27rkm1xq>%nk (y +m— E) ,
mez
M2 = (2mk)? 1+ 2010 ez =0 k—1,neN
kn 27T|k| 7 7 AR 7 .

» where @%”k are Hermite functions (non-separable).

» Non-separable, precludes simple separation of variables.

Andriot et al (2016) JHEP 2016 169
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Eigenmodes of twisted /periodic topologies (a)

1. Mobius strip:
(a). Flatie. Oy € [0,L[x[-%,%W).

» Exact eigenvalues:

Ny 7T\ 2 1y 7T\ 2
AOX,y X Y .
o )D{<L>+(W) ny N0
nx+ny odd

(b). Curvedi.e. Qyy € [0,27R] X [—a,a]:
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» 3D embedding:

x(u,0) = {R—vcos(%)}cos(

R
y(uwo) = {Rfvcos<%)}sin(%), B

. u '”\L/
z(u,v) = —wvsin (ZR)' T~
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» Approx. eigenvalues: T~
lim o(AD2) — o(AD). u(u,v) = u(u +27R, —v);
a—0
u(u, —a) = u(u,a) = 0.
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Eigenmodes of twisted /periodic topologies (b)
2. flat RP%: Oy = (-5, 41 o(8%) 5 {(merr/L)? + (nyr[/W)z}nx’nyeZ.

*

(59 ~G -y (z, %) ~ (-2, %)

yel-5.5)

3. flat T3 Oy, = 0,13 o(A%w2) S {472(n2 + n? +n%)}nx,ny,nzeZ‘

(r.y.2) ~ (2 +1,9.2) (2.9.2) ~ (a.y +1,2) (@,9,2) ~ (@2 +1)

se0,1]

* By inspection.
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PINN architecture — generic

wﬁk, bf are tunable weights & biases

where j and k index neurons

of (¢ — 1)-th and ¢-th layers, resp.

» FNN ansatz:
fx) = [Tttt (L D w20 (Tl b1) + 02 4]

» Non-linear activation (0): e.g. trig functions.
» PINN Loss (£): Lppg + Ljc,pc for solving EIBVPs.
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PINN optimisation algorithm — pseudo-code

- randomly from e.g. U(—0,0).

» For each epoch in training epochs:
@ Input x; (training points) + Evaluate f(x;) and L.

oL | oL oL
0 awl ’ abf

» Initialise 8 = { ik b }

@ Backpropagate: compute — } using autodiff.”
1<e<L

Q Update : w — w' =w — %, b=V =b-— %—i (e.g. ADAM optimiser).

» Increment eigenvalue approx e.g. E;,;; = 1 (given £ € R¥).

» Implementation: Pytorch — an ML open-source O P)/TO rC h

library in Python.

* autodiff: exact numerical differentiation.
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PINN implementation

» Loss function:
Etotul = Lppg + L:BC + Ltextra

erms

» Lpc i.e. enforce twisted periodic boundary conditions, e.g. T3:

Lppc = ||ujere — thrigntl|* +et e
face face

L extra = non-zero solutions + eigenvalue scanning + et c.
terms

» Alternatively, periodic input transforms in the architecture:
input = [sin(27x/Ly), cos(27tx/Ly), . . .]

» Standard hyperparameters e.g. ADAM optimizer, feed-forward NN architecture.
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Numerical results — Mobius strip

Moebius strip

» e.g. Loss (equal weights): %
k)
Lot = £PDE + £BC + Lextra ‘é
where: £
Lepe = ||Ai + Euit])?;
Loc = oy —aGe+1,-y)?
wistod PEC T —— E, (PINN appmx,:).
+ i1, —05) > + [[(x, 0.5)[%5 o £ 72170
= B = 2210 0010%0)
Dirichlet BC E 2001E, = 182.58 (~0.0031%) _
Lextra 1 s+ 1 + ||e*Einjt+Estep]”2 éo 150 1B = M3A1(S0.0028%) T ]
i El2 S
P * T2 P
=.64.15 (0.0087%) |
» RMSE < 0.5%. 0 By = 24.67 (~0.0004%) |
N ) 95 10.2928%) |
0 1 2 3 10 5

x10° epochs
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RIP? and T3

E, [units of length2]

RP?
5
— Liotal

N Lppr a
o Lpc
=
a
= 34
=
5
Z
g
=21
P
&
2

14

04
100 >

B = 88.82 (=0.0024% —— E, (PINN approx.)

801 b

64.15 (0.0008%) .

Ey

B = 19.(4 ().0094%

87 (0.0225%)

0.5 1 15
x10% epochs
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Loss [units of PDE?]

— Luotal

Lepe

801

E, [units of length~?]

201

78.96 (0.0023%)

59.24 (0.0332%)

19.74 (=0.0101%)
87 (0.0426%)

dic topology
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M3

— Liotal
» Default separation of variables %
. a

favours learning T2 modes (V;%,q) Vs. <

. 2 E
fibre modes (Mk’ Z,m)’ H
3

» Overrides:
@ Added NN hidden layers;

0 T

© Loss term weight tuning;

—— i2/M2 (PINN approx.) M2,

12 = 256.53 (~0.0315%) .. b
2501

@ Penalising du/dz = 0 (i.e. enforcing
z-dependence).

@ Non-separable ansatz enforcing BCs.

[units of length~?)
= o
o 8
g 8

» Yet to test out Singular Value
Decomposition as a loss term.

8.87 (~0.1145%)

3 54 (0.1450%)
7 =19.74 (0.0265%)

0 0.5 1 15 2.0 25
%109 epochs
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Summary & Outlook

» Solved Laplacian on elementary “twisted periodic” topology (Mébius strip, RIP?
and T3, within flat spacetime) using PINNG.

» cons:
» pros:

Exact vs. PINN approx MSE < 0.5% » Defaults to solving separable vs.
> . D70,

non-separable functions;

» Flexibility in setting up PDE, BCs (loss

. imal h
function/NN architecture); » Setting up optimal hyperparameters

is by trail and error.

» Overcome the curse of dimensionality

li h f PT
of mesh-based methods. » Sparse literature on the use of PINNs

to solve eigenvalue problems.

» Outlook: Optimise PINNs to determine non-separable fibre eigenmodes of M3,
consider propagation of SM fields on M3 & < 3 dimensional spaces.
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